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I. INTRODUCTION AND HISTORY

Let (£2, A, Pr) be an arbitrary probability space with distribution function
(d.f) Fy of the real random wvariable (r.v.) X: 2 — R, defined by
Fy(x) = Pr{we 2: X(w) < x}, for every xe R. Let X* be a normally
distributed random variable with mean 0 and variance 1, i.e., X* is a random
variable with d.f. Fy.(x) = Qa)"'2 [©, exp(—u?/2) du.

A sequence (X)), of real r.v.’s with variance satisfying

0 < Var(X,) < 40, for each n e N,
is said to satisfy the central limit theorem [2, p. 223} in case (n — o0}

Fr (x) = Fxdx) (for each x e R), (1.)
where

n ;o A

T,:— sy [X, - EX)L  s5,% — Var ( Y (X, — E(X)]
F=1 =1 .
(FT (x) denoting the d.f. of the normalized sum 7, and the expectation
E(X) = [r x dFx(x)). This theorem is actually satisfied provided the sequence
of r.v. is independent (which is case below) and identically distributed.
Of the many versions equivalent to (1.1) let us recall two further ones
needed below. One is in terms of the pointwise convergence of the corre-
sponding characteristic functions, namely

[ et dFy (X) = 27 )1,2 f elnre 2 fx = o2, (1.2)
* The researcn of Lothar Hahn was partially supported by DFG grant Ne 171/1.
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mainly used to prove that a sequence of r.v. satisfies the central limit theorem.
A second equivaience to (1.1) is

J'R F(x) dFr(x) ;R FX) dExx) (1> ), (1.3)

for each fe Cy(R), Cxz(R) denoting the class of bounded, uniformly con-
tinuous functions defined on R.
A sufficient condition for the validity of (1.1) is

; ‘/T”fl — I/\‘/ o> 0 (II —> UJ), ([ 4)

for each e Cg"(R) and some r € N, where V' : Cy(R) — Cg(R) is the linear
operator defined by

Vaf (1) = | Gt 3 dFx), (1.5)

and Cy'(R) = {fe Ca(R): f & Cy(R), 1 << j << rly i1/ = supyer | /().
The operator Vy was mainly introduced by H. F. Trotter [19] in order to
present an elementary proof that a sequence (X,,);,_, of r.v. satisties the central
limit theorem; it was taken over in a modified form in the monograph [18]
by A. Renyi (who, however, did not cite Trotter).

The study of the rate of convergence of Fr (x) to fy.(x) as n — oo In the
uniform norm, apparently initiated by A. Liapounov [11]in 1901, and carried
out by H. Cramér [5} in 1937 and A. C. Berry [4] and C. G. Esseen [6] in
the fourties, has been receiving considerable attention in recent years by
V. M. Zolotarev [21], 1. A. lbragimov [9], V. Paulauskas [14], J. Banys,
N. Kalinauskaiti and P. Vaitkus {1], V. V. Petrov [16], L. V. Osipov [12],
L. V. Osipov and V. V. Petrov [13] and W. Feller [7].

There seem to be essentially two different types of results established so
far, namely “large O and “small 0 approximation estimates.

If the absolute third moment

By EGX #) = J; | x B dFx(x),

is finite, then Berry and Esseen showed! that
i Fr, — Fxo | << CByf/() 2, (1.6)

if the sequence of real r.v. is independent and identically distributed. Con-
cerning sharper estimates, the example of the lattice distributions shows that

1 There arc also investigations concerned with the best possible constant €. For example.
(2m)12 <o C < 0.82. These investigations [20] do not interest us here.
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the existence of higher absolute moments would not yield a better order of
approximation than #='/2 (compare V.B. Gnedenko and A. N. Kolmogorov
[8, p. 212]). However, if the d.f. Fy(x) satisfies a condition of Cramér, namely

lim sup l ‘[R e dFy(x) { <1, (1.7)

luj-x

and if the pseudomoments (apparently first utilized by H. Bergstrom [3])
pG) = | WdIFx(x) — Fr()] =0 (0<j<r) (1.8)
R

and if the rth absolute moment
Br:=E(x|) < +oo, (1.9)
then Ibragimov [9] showed that for any even r > 4
| Fr, — Fxs || = O(n=r—212) (n— w). (1.10)

The first question is whether it is possible to obtain an order O(n—""-2/2)
provided only conditions (1.8), (1.9) are satisfied, the crucial condition (1.7)
being dropped. Here Paulauskas [14] (actually in the frame of more general
investigations) only achieved the order O(n~1/2) and not O(n~"~2/2) as desired.
However, if one would work in the equivalent convergence type (1.2), would
it then be possible to show that

| £ dlFr,(x) — Fr()] = On==272)2 (1.11)
R

This will indeed be shown to be the case provided fe Cy(R) and the
(r — Dth derivative f*-V e Lip 1, conditions (1.8), (1.9) being satisfied
(see Theorem 2). Here r may also be odd.

The next question is what happens when the sequence of r.v. is not iden-
tically distributed in which case very little seems to be known. If, instead
of (1.8), one introduces the condition

vi(j) 1= fR Xd[Fy(x) — Fo0)] =0 (0<j<r;ieN), (1.12)

with
o 1= Var(X,), (1.13)

and, instead of (1.9), condition

Brii= E(| X;|)) < +oo  (ieN), (1.14)
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then it will be shown that a result of type (1.11) is possible; for the precise
formulation see Theorem 1. (Note that if (X,),_, is identically distributed,
then (1.8) implies (1.12) since o> == |, ie N, and Fy, = Fy , i,je N).

The second type of result is the small o-type theorem. If at first (Xo)oma
is identically distributed, then Esseen [6] showed that (see [8. p. 195] or [17,
p. 180

Fr.(x) — Fr(x) = (‘;ﬂ)/ [Ql(x> L 04x)

uniformly in x provided conditions (1.7) and (1.9) are satisfied. Here the
Q.(x) are rather intricate polynomials of degree 3k —- [, determined indirectly
(see V. V. Petrov [15]) with coefficients depending upon oy/0®,..., o n/c™ 2,
where

L O a(%) ]

nlf’2 ! n ! n(7~2)/‘.’.

oy = [ XdFx(x), o* = Var(X). (1.15)
YR

If condition (1.8) is satisfied not only for O = j < r but also for j == r, and
(1.9) holds, then it can be shown that Qu(x) =0 for | <k < r — 2,
implying that
‘ oo
U FT” — FX* i} == 0 (”(,‘T,T) (” e w)

Dropping the Cramér condition (1.7), the question arises as to what happens
for the counterpart (1.11) with large-O replaced by small-o. This leads to
Theorem 3.

If (X,)>_, is not identically distributed, Lindeberg gave a sufficient con-

n=1

dition for (1.1) or (1.2) to hold. It is given by

L) — L Z [ [x - a2 dFx(x) =0 (1.16)

Sp® 1 ey 18,

for n — oo and every 8 > 0, where
g | XdFx () G e N, (1.17)
“R

Conversely, if Feller’s condition is satisfied, namely

ltm max (o,/s,) = 0, (1.18)

s |l s
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then Lindeberg’s condition follows from (1.1} or (1.2), or equivalently from
| Fr, — Fx«il = o(l) (n — o0). (1.19)

This led us to the result that (see Theorem 4)

J S ) — Bl = 0 (557X, Br - 00))  (120)

where
yr = E(| X* "), (1.21)

provided (1.12) holds for 0 < j < r, ie N (r = 2) and Feller’s condition as
well as a generalized Lindeberg-type condition is satisfied, namely

L) i— — y J L x = oy 7 dFx (x) =0 (1.22)

T
1y i—1 Y la—ay ;28s,

for n — oo and every 6 > 0, where

=Y E( X — ap, |).
iz

(Note that in case r = 2 condition L,%3) reduces to (1.16), and (1.12) is
satisfied for j = 0, 1, 2, with 5, (Ba.; -+ y20:2) = O(5,2). So (1.20) coincides
with (1.19). However, condition L,(8) does not imply L7Y(5)).

The four theorems announced will be established in Section 3. While
Section 2 is concerned with some preliminary results, Section 4 is devoted to
an application of our Theorem 2. Section 5 closes with concluding remarks
on the norm chosen as well as with an open problem.

2. PRELIMINARIES

We need to recall the definition of the modulus of continuity and Lipschitz
classes. The former is defined for fe C5(R), 8 > 0 by

w(f; 8) = sup. 1f(x+h) —f, @.1)

having the properties that w(f; 8) is a monotonely decreasing function of §
with w(f; 8) — 0 for 6 — 0+, and

W(fi28) < (1 ENw(f;®  (each A > 0). 2.2)

A function fe Cp(R) is said to satisfy a Lipschitz condition of order «,

640/13/3-9
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0 <o <1, in symbols feLip «, if w(f;d) == O(8%). It is obvious that
f" e Cp(R) implies fe Lip 1.

Concerning the operator V defined by (1.5), it is a contraction, i.e.,
VSl < I f] for all fe Cy(R). If X, X, ,..., X,, are independent r.v., then

Vzn X iz V 5] V . a s I/X . (23)

i=1 i

The operators V X, and V ¥, commute, and Vy = = Vy, if FXZ_(x) == 7 ¥, (%),
i.e., if X; and X; are identically distributed.

If the X;,..., X,, are moreover independent, and ¢, > 0 for i == 1, 2...., n,
then

Vylnlc 1y, = chlxlo Vc;’X o ter o Vc‘“lx . 2.4)

In particular, if ¢, = ¢ > 0,7 = 1,2,.., 0,
VE;L:L” Ix; - (V(,‘"lX)n" (25)

where X represents some r.v. X, .
Furthermore, if 4 and B are two contradiction endomorphisms of Cz(R)
which commute with each other, then we also make use of the inequality

| AY — Bf|| < ni| Af — Bfil  (fe Co(R);neN). (2.6)

More generally, if 4;, 4,,..., 4,, By, B,,..., B, are endomorphisms of
Cu(R) consisting of commutative, linear contraction operators, then for
any f'e Cg(R),

| AAy oo dyf — BiByo o Byf| < ZHAf Bifll. 2.7

Finally, if X is any r.v. with £( X |") < +oo, then E() X /) < 4o for
any 1 <Cj < r, and

ECXP) <1+ E(| X 2.8)

3. MAIN RESULTS

THeOREM 1. Let (X,);_; be a sequence of real independent r.v. (not
necessarily identically distributed) such that

vij) = fl s Hd[Fx(x) — Foxd(x)] =0 (0 <j<<riieN), (.1
Bri = E(X;|I") < +o0  (ieN) (3.2)
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for some fixed v = 3, r € N. Then for any fe C5(R)

‘ g 2 1. 1y ¥ r
I VTnf~ Vaofll << (TT)'SZ'T w(fr; 57 ;:1 B, + yyom + 1)
If in addition to the above hypotheses f'" "V e Lip o, 0 << « =C 1, then
—r+1 x n
Ve, — Vxfl = [ Z ity + 1)] .
THEOREM 2. If (X,)n_, is identically distributed, condition (3.1) being
replaced by (1.8) with B, = E(] X |") < oo, then for any fe C;(R)
W VS — Vx| = Ol U3 R f0D; =1 R)] (3.3)
If in addition f'*V € Lip o, 0 <C o <Z 1, then
VS — VSl = Ofptr3mr2]

In particular, under the above hypotheses,
[ () dlFr,(x) — Fx(x)] = Otz (3.4)
YR

Proof of Theorem 1. First note that in view of (2.4)

VTn = VS}IIX,- o Vs_le [SEERE N} Vs;‘Xn (35)

Vi == Volsglx* © I/ozs Exr o ttre Vnns;lx* s (3.6)

the latter holding since ¥, (0;5;7X*) is a normally distributed r.v. with
mean zero and variance one.
Since f'e C;}(R), one has by the Taylor series expansion

f 0= Y 00+

where 7 is some number between y and x -- y. Applying the operator
Viy, to f, this yields

Vi ()

- fRf (x + ) dFax(x) = f flxsy' + p) dFx(x)

r—1 —j —(rl) .

Z o, f ) + CE)Y JR X IfP () — fU()] dFx (x),

20 = fr 2l
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where % is now between y and y < 5;,'x, and «; ; is defined by (1.17). Since

’LXHU”“m%aﬂ“WHth”
[l sy =y ) dE)
'R

So(fr st [ x U fx) dF ),
‘R

inview of (2.2)as {p — y, =< 5" " x|, it follows by (2.8) that
— y 5 ~(r-1)
Vi — 2 S f0 e @B F De s, (3)
J=0 °

B,.; being defined by (1.14).
Analogously, since

a;; = E(XY) = E((0,X*)) (0= j<riieN)
by (3.1), and, in view of (1.21) that
y,0 = o E( X*1T) - EC g, X*|"),

one has, again by (2.2), that

r--1 q — (1)

Vo L i S Gt Qpel D el s (38)
' i=0

Combining the estimates (3.7) and (3.8) one has for each i = I, 2,..., n

-(r-1)

> 1? (261'.7' b 2y,0ir 4+ 2) w(f("']); 5;1 ‘

H VAle Uﬁn X*f[\ \\(

By (3.1), (3.2) and (2.7) this implies

n

1 Ve — VeSll < Z Vg — Vagie S|

2s;, (r--1)
< el 3 Bt )

completing the proof of Theorem 1.

Concerning the proof of Theorem 2, if (X,),._, is identically distributed,
theno? = 1,8, =P, i =1,2..,0,82 =3, 62 =nors’ ! = por-/
and 27, -1 (ﬁri + ot A1) = 0(”)
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THEOREM 3. Let (X,),.., be a sequence of real, independent and identically
distributed r.v. such that

pli) = | PdFA) ~ Fe@] =0 (0 <j<r)

and B, = E(| X |") < +oo for some fixedr = 2,r € N. Then for any f'c Cy"(R)
| Vi S — VS| = o(n=027%) (n— 0). (3.9)

In particular, for any fe Cg"(R)
fRf(«") dlFr (x) — Fxdx)} = o(n="72/2) (n — co).

Proof. Since fe Cy(R), we may apply the operator V -1y to the Taylor
series expansion of f of order r (instead of order » — 1 as in proof of
Thm. 1) to yield

T T -

4 r Sn C(j L Sn [ r 7 r
Vi (1) = X Sl ) - e [0 — £ O] dE),
= ! !
where % is some number between y and y + s,'x. Since f'e Cy'(R), to each
e > 0 there exists § > Osuch that |y — v | < §implies | f"(n) — f(y)] < e.
For this 8 we split up the above integral into

’ o X E() — ()] dFx(x) " s X f () — FO(p)] dFx(x)

=1 +1,, say.

For /; one has |7 — y | <<s'| x| < §, implying

L <e  Ix|rdFx(x) < eB, .
lzl<ss,

For 1, one has | f™(m) — f"U(y)| < 2| ||, giving

| BI<2UfO0 | x| dFx().

|z
Since B, is finite, [i,54 | X |" dFx(x) — 0 for k — oo. Therefore for n suffi-
ciently large | I, | <C e since s, == (n)1/2

Thus one has for » sufficiently large

-3

i s
Vi = X
! §=0

o f I=o(s;7)  (n— o).
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Since E(X*) = oy, 0 <{j < r and E(] X*|") ==y, is finite, one has a
corresponding estimate for the r.v. X*, and so by the triangle inequality

Vg — Vipxefli = olsy") - (n— o0).

"

In view of (2.6), (3.5) and (3.6) this gives
| VT,L]‘“ Vyefll ssn i V "lx/ ‘X*fi = o(n~"22),
and so the desired estimate (3.9).

THEOREM 4. Let (X,)._, be a sequence of real, independent r.v. (not
necessarily identically distributed) such that (3.1) and (3.2) hold for somer = 2.
Assume further that the generalized Lindeberg condition (1.22) of order r

as well as Feller's condition (1.18) be satisfied. Then for any f € Cg(R)

S;Lq Z (181‘7 J Y,Uir)] (II — OO)
i=1 .

VoS = Vxfll=0 [

Proof. On account of (3.5), (3.6) and (2.7) it suffices to show that
Z V~ o, xfli =0 ‘\SZ)‘ Z (Br.i -+ %Uir)J (n— w0)
i=1 i=1

for each fe Cg"(R).
Analogously as in the beginning of the proof of Theorem 3 we have

r

X Sn’ 4
Vi S (7)) — il ;.. f O(y)

RN

o
U
re iz} <ds, Yaizos,’

)[fm(n) FOUM X7dFx(x) = 1, + 1,, say,

where 4 is some number between y and v + s5,'x, and & is chosen as in the

proof of Theorem 3.
Since [n — v | < st [ x| <6, | [ ] < €B,4(rls,), and one has

R N 55 o Sn T -
| Vas = % S osaf 0| < B £ 20F 0N [ .

xlz6s,

The counterinequality for the r.v. X* reads on account of (3.1)

|

<eXorsr 42000

r vJ'

)g ngla,-x*f - Z

101‘

o, f(])

r

JI x| dEF, ().

2} 288y,
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Combining both inequalities gives

V 1Xj V%o\’*f” < r| (Brz+7razr)+2|f(” ” ({:nz }‘ Enz)
where

=] ixrdE),

lzl>8s,

A )

\wl/ﬁs,,
Multiplying by r!s,”, summing over the i’s and dividing by 37, (B,.; -+ v,0,7),

one has

(r! S"T/ él (Br'i i '}’roir)) ingl : V'“?Xifﬁ Su UIX*fH

S fe (z £ Z/ Z B, 1) (zi Cn.i/yrié "ir)

since B,; > 0,0, > 0, v, > 0.

Since in view of Lindeberg’s condition (1.22) the first term in the curly
brackets tends to zero for n — oo (noting that 3, B, = #,7), one need
only show that u, 2?:1 {n.: — 0 for n — oo, where

n

-1 \
U, = Z a,’.
i=1

Indeed, let j be the index such that o; == max,<;<, o;. Then

uan

|2’)|\6s

xR () = Y o | | X |7 dFyu(x)
ie1 l@!>(8s

>(8s,)/0;

— | X 17 dF ().

el>(6s,) /05

Applying Feller’s condition (i.e., s,/0; — © for n — o0) and noting that
E(] X*|) < 4 o0, the theorem follows.
4. AN APPLICATION

Let us consider an application of Theorem 2 to a particular sequence of
identically distributed r.v. (X,),.;, kindly suggested to us by Professor
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Kaerkes, Aachen. These may be introduced via the d.f’s Fy, of the X,, which
are equal to another for all n e N, i.e.,

0 for x - -1'3,

s{; for —v3<x-.0,
Fx(x) == ) - . i

Silen

» for 0 =S x <l V3,
V1 for 43 < x.

The hypotheses of Theorem 2 are satisfied with r == 6. Indeed, E(X7) = 0
for j odd, and E(X’) =1, 1, 3, 9 for j = 0, 2, 4, 6, respectively, implying
u(j) = 0for O <{j < 6. Hence (3.4) takes on the form

[ £ dIFz () — Fra()] = O(u-t197)
R
foreach f® e Lipa, 0 << o < 1.
In the particular instance that f(x) = e**?, fixed u € R, one has the estimate

[2 + cos(3u*/n)t2]"
3n

— e — Ou(n»Z)’
the large O depending on u, indeed

and

J’ et dFy(x) = 12 -+ cos u v/3]. (@.1)
R

It is important to note that (4.1) reveals that the condition (1.7) of Cramér
is not satisfied for this example. More generally (see [10 p. 26]), Cramér’s
condition is not satisfied if the identically distributed r.v. X, have lattice
distribution.

5. CONCLUDING REMARKS

The original question of this paper was to examine conditions upon a
sequence of ident. distributed r.v. such that the approximation (1.10)
holds. However, in attempting to reach this goal we found conditions
yielding (1.11). As noted, we needed one condition less than what Ibragimov
[9] needed to establish (1.10) in the case of even r, namely condition (1.7).
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Moreover, our proof proceeded in the “‘original” function space and so was
rather elementary, essentially only making use of the Taylor series expansion.
Ibragimov’s proof, as well as all other proofs yielding estimates on the rate
of convergence —as far as the authors are aware—always proceed via the
“transformed” function space, in other words are carried out by means of
characteristic functions, thus Fourier transforms, Moreover, these proofs
are rather long and use intricate estimates. See also Feller [22, p. 487].
The question still remains whether it is possible to show that (1.11) implies
(1.10) under some additional condition such as (1.7). More precisely, does

sup | [ f(x 4 0 dlFs ()~ Fe(]| = 0022, (5.)
for f'e C5"(R) imply that
sup ‘ Fr(x) — Fydx) < = O(n—272), 5.2)
xeR

under (1.8) together with some further condition ?

Note that if (5.2) holds, then in the case of even r > 4 an inverse result of
Ibragimov [9] implies that (without use of (1.7)) B, < +co and p(j) =0
for 0 <{j << rin (1.8), which in turn implies (5.1) by our direct Theorem 2.
Recall that in our application of Section 4 the crucial condition (1.7) is not
satisfied.

The matter described above could also be discussed in the case of non-
identically distributed r.v.’s. But this should be much more difficult as there
seem to be no comparable results known.
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